Let G be a matching covered graph. Two edges e 1 and e 2 of G are equivalent if {e 1 , e 2 } ⊆ M or {e 1 , e 2 } ∩ M = ∅ for every perfect matching M of G. An equivalent class of G is an edge set S of G with at least two edges such that the edges of S are mutually equivalent. Lovász gave a characterization of the equivalence classes in a brick: if S is an equivalence class of a brick G, then |S| = 2 and G − S is bipartite. For matching covered graphs, there are infinitely many 2-connected graphs with an arbitrarily large equivalent class. Recently, He et al. [Journal of Graph Theory, DOI: 10.1002/jgt.22411, 2018] asked whether there exist infinitely many 3-connected matching covered graphs with an arbitrarily large equivalent class. By constructing infinitely many k (k ≥ 3)-connected matching covered graphs with an arbitrarily large equivalent class, we give a positive answer to this problem. Moreover, we consider the equivalent classes in cubic graphs. If G is a 3-connected cubic matching covered graph, E 0 is an equivalent class of G, then |E 0 | ≤ 2b(G), where b(G) is the brick number of G.
Introduction
All graphs considered in this paper are finite and may contain multiple edges, but no loops. We will generally follow the notation and terminology used by Bondy and Murty in [1] . For the terminology that is specific to matching covered graphs, we follow Lovàsz and Plummer [7] . A graph is called matching covered if it is connected, has at least one edge and each of its edges is contained in some perfect matching.
Let G be a graph with vertex set V (G) and edge set E(G). An edge e of G is allowed if there is some perfect matching of G that contains e; otherwise it is forbidden. Let X ⊆ V , andX = V − X be the complement of X. The set of edges with exact one end in X and one end inX, denoted by ∂(X), is an edge cut of G. Clearly, ∂(X) = E(X,X), where E(X,X) is the set of edges with one end in X, the other inX. For any m, an edge cut with m edges is called an m-cut. An edge cut ∂(X) is trivial if |X| = 1 or |X| = 1.
Let G/X → x and G/X →x be obtained from G by contracting X andX to a single vertex (remove the loops), respectively. We shall refer to these two graphs G/X → x and G/X →x as the C-contractions of G. An edge cut ∂(X) of G is called a separating cut if both the ∂(X)-contractions of G are also matching covered, and is called a tight cut if |∂(X) ∩ M| = 1 for each perfect matching M of G. Obviously, every tight cut is separating and every trivial cut is a tight cut. A nontrivial tight cut may help us to reduce a matching covered graph to smaller matching covered graphs by the tight cut contraction.
For a vertex set S of G, denote by o(G − S) the number of odd components of G − S, here we say a component is odd if it contains an odd number of vertices, and is trivial if it contains only one vertex. Tutte [8] proved that a graph G has a perfect matching if and only if o(G − S) ≤ |S| for every subset S of V (G). We call a vertex set B of a graph G is a barrier if G has a perfect matching and o(G − B) = |B|. Suppose G is a matching covered graph. By Tutte's theorem, each barrier B of G is an independent set, and all components of G − B are odd components. An edge cut C is called a barrier-cut if there exists a barrier B and a component H of G − B such that C = ∂(V (H)). Clearly, a barrier-cut is a tight cut.
We call a matching covered graph which contains no nontrivial tight cuts is a brace if it is bipartite, and a brick otherwise. Lovász [6] proved that any matching covered graph can be decomposed into a unique list of bricks and braces (up to multiple edges) by a procedure called the tight cut decomposition. In particular, any two applications of tight cut decomposition of a matching covered graph G yield the same number of bricks, which is called the brick number of G and denoted by b(G). And a brace is 2-extendable bipartite graphs [6] (here we say a graph is 2-extendable means any two non-adjacent edges are contained in some perfect matching).
Two edges e 1 , e 2 of a matching covered graph G are equivalent if {e 1 , e 2 } ⊆ M or {e 1 , e 2 } ∩ M = ∅ for every perfect matching M of G. An equivalent class S of G is a subset of E(G) with at least two edges such that any two edges of S are equivalent to each other.
We slightly generalize the definition of two equivalent edges to two edge sets. Carvalho, Lucchesi and Murty [2] proved that if two distinct edges e and f of a bipartite matching covered graph are equivalent, then {e, f } is a cut. Recently, He et al. [4] showed that a matching covered bipartite graph has an equivalent class if and only if it contains a 2-edge-cut that separates it into two balanced subgraphs. Here we say a bipartite graph G(A, B) is balanced if |A| = |B|. Moreover, they proved that for every integer k ≥ 3, there exist infinitely many k-regular graphs of class 1 with an arbitrarily large equivalent class. They noticed that each of these graphs are 2-connected. This observation led them to pose the following problem. In this paper, we give a positive answer to Problem 2. The main result is stated as follows. The proof of Theorem 3 will be given in Section 3 after we present some properties concerning equivalent edge set in Section 2. The equivalent class in cubic matching covered graphs will be discussed in Section 4.
Equivalent edge sets in bipartite graphs
For a bipartite graph, the equivalent class may contains an arbitrarily large number of edges. For example, every perfect matching of a cycle C is an equivalent class with E(C)/2 edges. The following theorem is a characterization of equivalent classes in bipartite graphs. For the equivalent edge sets in a brace, we have the following result.
Theorem 5. Suppose G is a brace, E 1 and E 2 are nontrivial equivalent edge sets in G.
Proof. For i = 1, 2, we claim that every two edges in E i have a vertex in common. Otherwise two independent edges in E i can be extended to a perfect matching of G as G is 2-extendable, contradicting to the definition of an equivalent edge set. Noting that G is bipartite, all the edges in E i have exactly one common vertex, denoted by v i .
Noticing that G is a brace, every edge of G is removable (by Lemma 3.2 in [2] ). Thus,
, then e 1 is incident with every edge of E 2 . Otherwise, we can find a perfect matching of G that contains e 1 ( / ∈ E 1 ) and some edge of E 2 since G is a 2-extendable, giving a contradiction. Clearly, this result holds for every edge of (∂(
Suppose on the contrary that there exists an edge set E 3 , other than E 2 , is equivalent to E 1 . By the above discussion, we have
By the definition of equivalent edge set, E 3 and E 2 are equivalent. So
3 Proof of Theorem 3 Lemma 6 . Let C = ∂(X) be a tight cut of a matching covered graph G, 
Proof. Suppose that there exits an edge set E 3 ⊆ X such that E 3 and E i are equivalent edge sets of G i for i = 1, 2. Firstly, we prove that for each perfect matching M of G,
is a perfect matching of G i that contains more than one edge of E i , giving a contradiction. So, in order to prove that E 1 and E 2 are equivalent edge sets of G, it suffices to show that |M ∩ E i | = |M ∩ E 3−i | for an arbitrary perfect matching M of G, i = 1, 2. If |M ∩ E i | = 1, we may assume, without loss of generality, that |M ∩
Conversely, suppose that E 1 and E 2 are equivalent in G. Let E ′ = {e|e ∈ M e 1 ∩ C, where M e 0 is a perfect matching of G 1 that contians an edge e 1 in E 1 } and E ′′ = {e|e ∈ M e 2 ∩ C, where M e 2 is a perfect matching of G 2 that contians an edge e 2 in E 2 }. Clearly, E ′ = ∅ = E ′′ since both G 1 and G 2 are matching covered and C is tight. We claim that E ′ = E ′′ . Otherwise, we may assume, without loss of generality, that e ′ ∈ E ′ \ E ′′ . Then we can find a perfect matching M 1 of G 1 that contains e ′ and an edge of E 1 . On the other hand, we can also find a perfect matching M 2 of G 2 that contains e ′ but no edge of E 2 . So, the union of M 1 and M 2 is a perfect matching of G that contains an edge of E 1 but no edge of E 2 , giving a contradiction. Let E 3 = E ′ = E ′′ . Now, we prove that E 3 and E i are equivalent edge sets of G i for i = 1, 2. If E 3 and E 1 are not equivalent edge sets of G 1 , then there exists an edge e of E 3 such that G contains a perfect matching M 3 that contains e but no edge of E 1 . Note that G 2 contains a perfect matching M 4 that contains e and some edge of E 2 . Thus, the union of M 3 and M 4 is a perfect matching of G that contains an edge of E 2 but no edge of E 1 , giving a contradiction. Similarly, E 3 and E 2 are equivalent, which completes the proof.
By Lemma 6, we can construct infinitely many k (k ≥ 3)-connected matching covered graphs with an arbitrarily large equivalent class. We need an operation which is the inverse of edge cut contraction.
Let G and H be two disjoint graphs and let u ∈ V (G) and v ∈ V (H), respectively, such that the degrees of u in G and of v in H coincide. Suppose ∂(u) = {uu 1 , uu 2 , . . . , uu d } and ∂(v) = {vv 1 , vv 2 , . . . , vv d }. Then the graph obtained from G
The splicing operation may help us to construct a larger matching covered graph by two matching covered graphs, see the following proposition. Proof of Theorem 3. For each integer k > 2, we construct a k-connected matching covered graphs that contains equivalent class with order m as follows.
Let K k,k be the complete bipartite graph with k vertices in each color class. Take m copies of the complete bipartite graph and denote them by Figure 1 (a) .
We assert that G 1 (k, m) is matching covered firstly. Obviously G 1 (k, m) is connected.
For i = 1, 2 . . . , m, each G i k is a complete bipartite. So it is matching covered. Thus, it is enough to prove that each edge in {v Thus, the edge set {v
Proof. Note that, for each 1 ≤ i ≤ m − 1, the edge set {v Let (X, Y ) be the bipartition of a complete bipartite graph K k,k (k ≥ 3), where X = {x 1 , x 2 , . . . , x k } and Y = {y 1 , y 2 , . . . , y k }. Let H(k) be obtained from K k,k by adding edges x 1 x k , x 2 x k , . . . , x k−1 x k and y 1 y 2 . Graph H(3) is depicted in Figure 1 (b) . Note that, after removing {y 1 , y 2 } and any two vertices in X from the complete bipartite graph K k,k , the left graph has a perfect matching. So H(k) is matching covered.
Claim 2 {x 1 x k , x 2 x k , . . . , x k−1 x k } and {y 1 y 2 } are equivalent in H(k).
Proof. Noticing {x 1 x k , x 2 x k , . . . , x k−1 x k } are all the edges with its both ends in X, and Take m − 1 copies of H(k) and denote these copies by
is matching covered as both G 1 (k, m) and H(k) are matching covered by Proposition 7. Figure 2 . Let S = {y Claim 3 S is an equivalent class of G(k, m).
G(3, 4) is depicted in
. E i is a barrier-cut for i = 1, 2, . . . , m − 1. Therefore, it is a tight cut. By Lemma 6, Claim 1 and Claim 2, the result follows.
Proof. Note that, after removing the edge u For any two vertices u, v in G(k, m), we can find k disjoint paths. Here we consider the case of u ∈ V (G s
are k disjoint paths from u to v. Hence, the result follows.
Remark: the complete bipartite graph K k,k in the above construction could be replaced by any k-connected 2-extendable bipartite graph. With the same construction, many other examples can be generated.
Cubic matching covered graphs
In this section, we will consider the equivalent edge sets in cubic matching covered graphs. We need the following results. For the equivalent edge sets in a cubic matching covered non-bipartite graph, we have the following result.
Theorem 11. Let G be a cubic matching covered non-bipartite graph. If two edge sets E 1 and E 2 are equivalent and
Proof. Suppose to the contrary that |E 2 | > 1 and {e 1 , e 2 } ⊆ E 2 , where e 1 = u 1 v 1 , e 2 = u 2 v 2 . Let e 0 = u 0 v 0 ∈ E 1 . Note that e 1 and e 2 are not allowed in G − e 0 . It follows that G − e 0 has a barrier B that contains u 1 and v 1 . As u 1 v 1 is allowed in G, e 0 has its ends in distinct odd components of G − B − e. Since G is cubic, ∂(B) ≤ 3|B| − 2. By Proposition 
is a perfect matching of G,
That is e ∈ M e 1 .
By Claim 4, both ends of e 2 lie in some component J t (t ∈ {1, 2, . . . , |B|}) of G−B −e 0 .
Recalling G/V (J t ) →x t is matching covered. Suppose M e 2 is a perfect matching of
is a perfect matching of G that contains both e 2 and e 1 , contracting with the fact that E 1 and E 2 are equivalent. If e ′ is allowed in G ′ , then there exists a perfect matching M e ′ of G that contains e ′ . Therefore, M e 2 ∪ (M e ′ \ E(J t )) is a perfect matching of G that contains e 2 but no e 0 , contracting with the fact that {e 0 } and E 2 are equivalent.
By Lemma 6 and Theorem 11, we have the following corollary.
Corollary 12. Let G be a cubic matching covered graph. Suppose E 0 is an equivalent class of G, and
For 3-connected cubic matching covered non-bipartite graphs, the number of edges in an equivalent class can be bounded by the brick number, see the following theorem. Firstly, we need a straightforward proposition which can be gotten by the definition of edge cut contraction.
Proposition 13. Let G be a k-edge-connected graph, and C be an edge cut of G. Then every C-contraction graph is k-edge-connected. Theorem 14. Let G be a 3-connected cubic matching covered non-bipartite graph, E 0 be an equivalent class of G. Then |E 0 | ≤ 2b(G).
Proof. Let E 0 be an equivalent class of a 3-connected cubic matching covered graph G. If |E 0 | ≤ 2, obviously, the result holds. Then we suppose |E 0 | > 2. Contracting all the tight cut C of G satisfied C ∩ E 0 = ∅, by Corollary 12, there exists a contracting graph, denoted by G ′ , such that E 0 ⊆ E(G ′ ). Then E 0 also is an equivalent class of G ′ and, for every tight cut C ′ of G ′ , |C ′ ∩ E 0 | = 1. Repeatedly contracting the tight cuts of G ′ (and the resulted contracting graphs), until all the contracting graphs are bipartite graphs or bricks. By Proposition 13, those bipartite graphs are 3-edge-connected (since G is 3-connected, G is 3-edge-connected; recursively applying Proposition 13, G ′ is 3-edge-connected). Note that if C ′ ∩ E 0 = {e 0 }, where C ′ is a tight cut of G ′ , then e 0 lies in both the C ′ -contractions of G ′ . Therefore, each of contracting bipartite graphs contains exactly one edge of E 0 by Theorem 4. By Theorem 1, each brick of the contracting graphs of G ′ contains at most two edges of E 0 . So |E 0 | ≤ 2b(G ′ ) ≤ 2b(G). Therefore, the result follows.
For 2-connected cubic matching covered non-bipartite graphs, we have the following property.
Proposition 15. Let G be a cubic matching covered graph. If {e, f } is a 2-cut of G, then e and f are equivalent.
Proof. Since G is matching covered and |E(G)| > 1, G is 2-connected. Therefore G−e−f has two components, denoted by G 1 and G 2 . By Proposition 9, |G 1 | ≡ |G 2 | ≡ 0 (mod 2). Suppose e = uv and M e is a perfect matching of G that contains e. Note that f is a cut edge of G − e, and |V (G 1 ) − {u}| ≡ |V (G 2 ) − {v}| ≡ 1 (mod 2). It follows that f ∈ M e . Similarly, it can be showed that every perfect matching of G that contains f should contains e. So the result follows.
